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Abstract. The quantum algebras associated with the R-matrix obtained from the two
parameter free fermion model are examined. It is shown that in addition to U, ,(gl(1, 1)}
there exists another algebra U ,{gl(1, 1)) which is isomorphicto U, ,(gl(1, 1)) as an algebra
but has a different Hopf structure. I_Jq_,(gl(l, 1)) does not have a classical limit and is
related to U,(s1(2, C)) at a root of unity (p =1, iZ=-1).

It is known that representations of the braid group can be obtained from the Boltzmann
weights of solvable models. From the two parameter (we are referring to parameters
other than the spectral one) free fermion model, one obtains the following R-matrix

q 0 0 0
< 19 g-¢7" s 0
R(q: S) - 0 5 0 0 (1)
0 0 0 -q°'
which is a solution of
ﬁ12k23§l2= ﬁnélzﬁzs (2)

where the subscripts indicate the action on the triple tensor product V® V& V where
V is a two-dimensional complex vector space. The two parameter model is obtained
from the one parameter case [1] (see for instance the one parameter model (1, —1) in
Deguchi’s paper} by a simple symmetry breaking transformation [2]. ﬁ(q, 5) was first
teported in [3] where it had been obtained by solving (2) directly.

It is well known [4-6] that R(g, s = 1) is related to the one parameter deformation
of GL(1, 1). Less known is the fact that there exists another symmetry [7-10] associated
with R(q, s=1) that resembles that of GL(1,1) but for which there is no classical
limit. The purpose of this letter is to examine the two parameter case. Although our
main focus is the Hopf algebras defined in the space dual to that of the quantum
groups, it will prove useful to begin the analysis at the level of the quantum spaces
where the symmetries involved are more transparent, We begin by recalling some of
the features of the one parameter case as discussed in [8].
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In Manin’s approach, quantum groups coact on a set of quantum spaces (quadratic
algebras). In his treatment of the general linear supergroup [11] he considers a pair
A and A* of quantum spaces where A* is dual to A. The algebraic structure he obtains
corresponds to particular definitions of duality and rule for the multiplication in the
tensor product of two algebras. The implications, in the one parameter case (¢,., =g
for all m, n), of a different set of definitions were examined in [8]. The space dual to
that of the quantum group was defined for each set of definitions. In the two-dimensional
case two distinct aigebras were obtained: U,(gi{1, 1)) and the other which we denote
U,(gl(1, 1)). The latter was shown to be isomorphic to U,(gl(1, 1)) as an algebra while
having a different Hopf structure. l_Jq(gi(l, 1)) does not have a classical limit and _is
related to U,(sl(2, C)) at a root of unity (p=1i,i’=—1).

The two parameter case considered here is of the non-standard type [12]. The

novelty in such cases is that one must consider the coaction on a set of two quantum
spaces that are gpnﬂra“v distinet from each other fnnp is not the dual of the other

~aaaiaas Fuiaviy

see also [13]). Let us intreduce the quantum spaces A and B defined as follows:

— 2 —¥
A=k{xy, %)/ (x5, X2 — 57 g%a%,) (3)
. 2
B =k{x,, x2)/ (x3, X, %2~ gsx,%1) (4)
where k{x,, x,) means an associative k- algebra freely generated by x, and x,; k is the
Rald Nata thot A B ara ganaratad hu (B — alVW ey V=0 and (BT TV +@ )Y =N
LIWIWE. LNULW Iyl iy &7 dlw évll\-lﬂl\-u UJ l‘l\ Ij‘ LAY A Y AT T IO LN | \l\ (11 I\ A v

respectively. In what follows we shall consider the coaction of a bialgebra on a pair
of quantum spaces which includes A and the dual of B. (Note that in the case s=1
we have A= B.) Qur main objective is the study of the implications (with main focus
on enveloping algebras) of two distinct definitions of duality accompanied by particular
choices for the multiplication rule in the tensor product of two algebras.

Let us first consider the case where duality is defined through the following pairings

(X"} Xm) =51, (x*®x"; X @ x,) =818, (5)
Denoting by B! the dual of B it follows from (5) that
Bl=k(x', x%/((x"), x'x*+ ¢ s "x*x’ (6)

We now define a bialgebra with geneators t}, (m, n = 1, 2) which coacts on the pair
{A, B!) by requiring that the foliowing maps

8(Xm)= i th, @ x; 8(x*)= § t®x' (7)
i=1 I=1

be homomorphisms of A and B! respectively. The multiplication rule in the tensor
product of two algebras is defined to be

D
-
%
=
o
o0
<=

Let

The quadratic relations satisfied by the t;;, can be summarized as follows:
RT\PT\P=PT,PT\R ).

where P is the permutation operator, R=PR and T,=T®L The explicit form of
relations that follow from (9) can be found in [13]. We denote by A the associative
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algebra over C with generators 1 and ¢}, (m, n =1, 2) which satisfy (9). The coproduct
is

A= 3 E@r A1) =1®1. (10)
x=1

A representation p of Ay is p(175,)k = R™.. The coproduct is an algebra homomorphism
provided one uses the rule (8) which is of course not surprising; however, later it will
be shown that there exists another bialgebra one can associate to K(g, s) for which
the multiplication rule differs from (8). Following Fadeev et al [14] we now define
U, (g1(1,1)) as a subalgebra of the dual to Ag; U,, is generated by the unit element
1’ and the generators L..)(m, n=1,2) which are defined by the following duality
relations:

0 TT... T)=1% (L™, T\T,... T)=R®R ...R® (11)

po=(H 1)
Ly Ly

and [ is the unit matrix. T,,=I®@.. . IR TR I®... ®1 (k tensor products and T in

the m position) and R}’ act non-trivially on factor number 0 and m in the tensor
product V®**" and coincide there with the matrix R’ defined as follows:

R™ = PRpP R&O=R! (12)
1t follows from (11) that L}’ = L{;’=0 and the generators satisfy
RP(L®®NP(LP®I)=(L™® NP(LQI)PR

where

(13}
RP(LP®NP(LT@DN=(LO®NP(L R IPR
with the coproduct and antipode § defined as follows:
ALY =T LOI®LS S(L=) L™ =1 (14)

A representation p is
p(L)i=Ri, p(LEN = (R (15)
We introduce the generators H, X™ and Z which satisfy the following relations:

[H, X*]=+2X".[H, Z]=[Z, X*]=0. We first connect them with U,.,(sl(2,C)) by
making the following identification (i*=—1):

L(l-{—}___q—(H+Z),’Zs—(H—Z)/2 L(2;)=q7(H*Z]/25—{H+Z]/2 i(H—Z)
L = g+ 22g- -2 Ly = (H-212g~(H+Z)/2{~(H=2)
“1yes -1y ]1/2
L= [(_‘JZEM] X*tsTH2gHI M2 {2212 (16)
—ig
—1ygs iy 2
Lé{”= _[(q—q ]_)(1—1 l):| X-S—Hfzqmzi-ﬂ/zizfz_
—ig
Defining H= H —(1+2in/m)Z the substitution of (16) in (13) gives (g=e")
.A_.-A
X*)=0 X', X
(x*) [ 1= -

A(Xt)=__i—ﬁ/2siz/2®Xx+X::®i.l?fzs=!=z,'2 S(Xi)=:':iX= S(ixﬁ)=i=ﬁl
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Note that for s =1 all the relations in (17) except (X*)> =0 are those of U,(sl(2,L))
when p =i (the generators being X* and H). This connection is consistent with results
[7] obtained previously where it was shown that R{q,s=1) is associated to the
two-dimensional highest weight representation of U,(s1(2, C)) when p =i. For sake of
comaring with U, (gl(1, 1)) it will prove useful to consider a further change of basis

L -iW2XHT2 _iW2XA2

e Yoo )

U,(gl(1,1)) is therefore an algebra whose generators H, ¢*, ¢~ and Z satisfy the
following relations

[H, y*]=+2¢* [z, ¢*]={H Z1=0

= —l
(p=)'=0 T T = — (19)
Ayt =@y  +y @it Z’quZﬂ S(gr) =—¢* i7" g™
In venfymgthat(lQ) follows from (18) we use the fact that i2" =(-1)" = (-1)¥ %¢*%
Now LiPLiT =5 =(-1)"""% for s = —1. It follows from the duality condition

(11) that L‘*’L I) is identical to the unit element 1’ for s =—1. Thus i?" = ¢?%. We

stress that the coproduct is an algebra homomorphism provided one uses the rule (8)

and for the antipode we have S{AB)= 5{B)S5(A). it is important to notice that the

coproduct does not become cocommutative when g =s =1 (i 7%’ does not reduce to

unity in such a limit) which exhibits the fact that this symmetry does not have a classical

limit (its relation to U,_,(sl(2, C)) is also a manifestation of this). We now turn to
U, {el(1, 1)).

We will assign a Z,-degree to the elements of the algebras con31dered The degree
of an element b will be denoted b. Let fHi==f=f=0and #'=%,=f1=1=1. Let
us now consider the case where duality with respect to the quadratic algebra B described
in (4) is defined through the following pairings

(x"; X} =87, (x*@x'; X, ®x,) = (~1)**8,51,. (20)
Denoting by B the dual of B it follows from (20) that
B=k(x', x)/((x")%, x'x* = ¢7's7'x%x"), (2n)

A bialgebra with generators t,,, (m, n=1, 2) which coacts on the pair (4, B) can now
be defined by requiring that the maps (7) be homomorphisms of A and B respectively.
Choosing the multiplication rule in the tensor product of two algebras to be

(a®b)(C®d)=(aC®bd)(—l)EE (22)
it follows that the quadratic relaiions satisfied by the #),'s are the graded version of
(9) which one obtains from (9) by km the following substitutions

B R->R (23)
where

1 00 0

~ 0 01 0

P=lo 10 o

0 0 0 -1
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is the graded permutation operator and R = PR(q, 5) is a solution of the graded
Yang-Baxter equation. We denote by A the associative algebra over C with generators
1 and t;, (m, n =1, 2) which satisfy the graded version of (9). The coproduct is defined
as in (10) and is an algebra homomorphisms provided one uses the rule (22). In order
to define U, ,(gl(1, 1)) we now consider the space dual to Ag. U, is defined as a
subalgebra of the dual to A which is generated by the unit element 1’ and the generators
L{7(k, 1=1, 2). The duality condition that defines U, ; as well as the quadratic relations
satisfied by the generators are the graded versions of (11) and (13} which are obtained
through the substitutions described in (23). In deriving these results one follows
essentially the same arguments as the ones used by Fadeev er al in establishing (13)
but here one exploits the fact that R is a solution of the graded Yang-Baxter equation.
See earlier works for more details [5, 8]. The coproduct and antipode are as defined
in {14}; however, they are algebra homomorphisms provided one uses the rule (22)
and S(AB)= S(B)S(A)(~1)A%. The parity is L{}’=L{}’=0 and L{}’=L{7’=1. The
fundamental representations of AR and U, are the graded version of those of Ag and
U,.(R> R).
Consider the generators H, ¢*, ¢~ and Z such that [H, ¢*]=+2¢" and [Z, ¢*] =
[Z, H] =0 and make the following identification

L(]T) = q—(H+Z}/2S—(H—z)f2 L(2+2—) — q—(H—Z}/ls—(H+Z)/‘2

L(—)_q(H+Z)/2 —(H-Z)}/2 L(—)iq(H—zuz —{H+Z)/2
(+)_ 1 H/2 —(H+Z)/2 ). 1 H{2 (H-Z)}/2
Lyy=(g-q "5 " Liy =(q—q )y s 27 (24)

It follows from (24) that U, . (gl(1, 1}) is generated by H, ¢ and Z which satisfy the
following relations

[Hy*]=%2*  [Zy*]=(ZH]=0  (4)=0
22z
e (25)
A(Y") =5 @y " ®s”“ S(y*)=-¢"q*

We stress that the coproduct is an algebra homomorphism provided one uses (22)
(§*=d~=1, H=Z =0). In contrast to the previous case the coproduct is cocommuta-
tive in the limit g = s =1. Note that s appears only in the coproduct, a phenomenon
which has been observed in an earlier work on GL(2) [15]. The two parameter
deformation of GL(1, 1) has been recently discussed by Dabrowski and Wang [16].
The graded versions of (9) and (13) are equivalent to the relations they give (see their
equations (8) and (19)). They express U, (gl(1,1)) in a different basis and do not
discuss Uq, Equations (19) and (25) show that as algebras U, and U, are isomorphic
but differ in their coproduct and antipode (they have different Hopf structures). This
is to be expected since the multiplication rules (8) and (22) are different.

One of us (MC) wishes to thank Professor M Havli¢ek, Dean of the Faculty of Nuclear
Sciences and Physical Engineering of the Czechoslovakia Technical University in
Prague, for the kind hospitality shown.
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